Digital Signal Processing

Higher Order Recursive Filters
Butterworth and Chebyshev
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Load these files from MyCourses
and Start MATLAB

There is a MATLAB Live Script available to find the
recursion equation coefficients

<lIR_Designer.mix>

Located in MyCourses in the Content/MATLAB Tools
sections
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Today’s Topics

Review of single pole recursive filters
Introduction to Butterworth and Chebyshev Filters

Designing Butterworth and Chebyshev filters using
MATLAB

In Class Problem

Upload the MATLAB file from myCourses
lIR_Designer.mlx
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Filter Classification

Time Domain
(smoothing, DC removal)

Frequency Domain
(separating frequencies)

Custom
(Deconvelution)

FILTER USED FOR:

FILTER IMPLEMENTED BY:

Convolution
Finite Impulse Response (FIR)

Recursion

Infinite Impulse Response (IIR)

Moving average (Ch. 13)

Single pole (Ch. 19)

Windowed-sinc (Ch. 16)

Chebyshev (Ch. 20)

FIE custom (Ch. 17)

Iterative design (Ch. 26)
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FIR Filter Review

The transfer function of the FIR filter Is

M—-1
H(z) = z a,z !
k=0

The filter transfer function has all zeros
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Recursive (IIR) Filters

- The transfer function of the recursive filter is

Zeros are the roots
of the numerator

Poles are the roots
of the
denominator

- The recursive filter has both poles and zeros In
Its transfer function
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The Single Pole Recursive Filter

- Transfer function of the single pole recursive
low pass filter
Ao

HZ)=7——= <= yln|=aex[n]+byln—1]
1

/y[n] = aox|n] + byy[n — 1]

a0 g
x[n] - y[n]
apx[n] / 4 it |

biy[n —1]
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The Single Pole Recursive Filter

- The time constant of the filter is the value d In

samples
P x =e /4

- We can relate this to the corner frequency of
the filter

B 1
fc_an

x = e 2Tjc For the recursive filter

fo=— For the analog RC filter
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Calculating the Filter Coefficients

From the value of x we can easily find the
single pole filter coefficients, a, and b,

x = e~ 1/d or x = e 2T
Then:
b]_ = X
ap=1—x
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First Order Recursive
Filter Example

- First order LPF Step and Decay responses for

a filter with a time constant of 20 samples

First Order LPF -- Step Response First Order LPF -- Decay Response
1 16
0.8 - o 0.8
X 20 - -
= Y 063212 | o0 =
So6t <06
2 g
2 2 - X 20
“oal “ooal “Og_ | Y0.36788
02} Output at 0.6312 Output at 0.368 after /
after 20 samples 20 samples
00 5 1I0 1‘5 2I0 2I5 3I0 U0 5 10 15 2I0 2‘5
Sample Number Sample Number
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First Order Recursive
Filter Impulse Response

R I T EEET-

First Order LPF -- Impulse Response

0.05

004 &§

0.03

Filter Output

0.02 [
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Sample Number
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First order Recursive LPF
Example

- Frequency Response of the single pole IIR filter

Frequency Response -- Single Pole Recurswe F|Iter d 20

2ntd 2w 20

\D fet -1 _ 0008

Magnitude
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Comparing LPF Corner

Frequencies

1st Order LPF Frequency Response

Filter Output
© o o o
w B> (&)} (o))

o
N

e
—

o

50 100 150 200 250 300
Sample Number
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As | change the
corner frequency
the response gets
lower in frequency
but the relative
attenuation stays
the same
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Comparing HPF Corner

Frequencies

1st Order HPF Frequency Response

———

10 BPM

Filter Output
o
(6]

40 BPM

20 BPM [

80 BPM |+

0 50 100 150 200 250
Sample Number
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As the corner
frequency gets lower
the response gets
lower in frequency
but the relative
attenuation stays the
same
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Cascading Multiple Stages

- Single pole filters can be cascaded, but their

-off doesn’t improve dramatically

R 1st order

Input 1st order | 1st order 1st order
filter filter filter
1st Order LPF Frequency Response -- Cascaded Stages
Fc =120 bpm
12 T T T
— 1| stage
— ) stages
1 3 stages
4 stages
X120.1172
08 Y 0.75168 .
-— (J
=
>
O 06 .
8
i__:
04 r .
X 120.1172
0.2 [ Y 0.31926 7

a

o

50 100 150 200 250 300
Sample Number

o

— QOutput

filter

15t Order Response of
1-4 cascaded stages
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Other Filter Types

Bandpass and bandstop (notch) filters can also
be made with recursive filters (see text)

Higher order filters can be designed with
plentiful design tools

MATLAB will be used in Lab 09 to create
Butterworth and Chebyshev higher order filters
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Higher Order
Recursive (IIR) Filters

- Adding poles and zeros to the transfer function
can improve the frequency response of the filter

Zeros are the roots
of the numerator

-1

H(z) = Y=o Ak Z
YT NTp
Poles are the roots

of the
denominator
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The Butterworth Filter

- The frequency response (dB scale) of a1 and 2
pole Butterworth filter is shown here
__Butterworth Filter Fregency Response (dB) | . —6 dB/pOIE for a

doubling of
frequency

-6 dB/octave

sl -12 dB/octave \

50 L | |
0.3 0.4 05 06 07 08 09 1 2 3 4 5 6 7 8 9 10

Frequency Ratio w/wc

R I T EEET-425 Digital Signal Processing 18




Frequency Response
of the Butterworth Filter

- Filter orders 2 through 7 shown

Butterworth Filter Freqency Response (dB)
I 1 T | ‘

Increasing attenuation
as filter order increases

Attenuation (dB)

-45 —

| | | I I L1 |
-50
0.3 0.4 0.5 06 0.7 08 09 1 2 3 4 5 6 7 8 9 10

Frequency Ratio w/wc
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Pass band and Stop Band of the
Butterworth Filter

- The passband is maximally flat
- The stopband is also maximally flat

PassBand Attenuation (dB) . Stop Band Attenuation (dB)
T T T T T T T

rrrrr

rrrrr

Frequency Ratio w/w
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Butterworth Filter
Pole-Zero Diagram

7-poles and 7 zeros
Location of the poles and zeros determines the filter response

7-Poles locations in the
Z-domain

Filter Pole-Zero Plot 7th Order ButterWorth Lowpass Filter Vi
T T T T T

7-Zeros located in the
Z-domain

0.6 -

0.4 -

0.2 \

O o §

Imaginary Part

-0.2 -

0.4

-0.6 -

-0.8 -

Ry

I I I
-0.5 0 0.5 1

) Real Part
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The Chebyshev Filter

- The Chebyshev has more roll-off than a
comparable Butterworth filter

5 Pole Filter Freqency Response Comparison (dB)
1 I |

5-Pole Butterworth

5-Pole Chebyshev /

0.3 0.4 0.5 06 0.7 0.8 09 1 2 5] 4 5) 6 7 8 9 10
Frequency Ratio w/wc
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The Chebyshev Filter

- The Chebyshev trades roll-off for ripple in the

passband
Flat passband -- Butterworth

PassBand Attenuation (dB) Stop Band Attenuation (dB)
T T T T T T T

0 T 0
\/ rrrrr
il 10 :Chebryws,hev
20
1.5 -30 - .
- More attenuation for the
o -2F -40
= Chebyshev
5 25] -50 -
Ripple in the passband Chebyshev 0f
351 1 70
s 1 80
o 1 wor
~———— Chebyshev
5 : : : : I —— -100 R R R R R A,
0.1 0.2 0.3 0.4 0.5 06 0.7 0809 1 1 2 & 4 5 6 7 8 9
Frequency Ratio w/wc Frequency Ratio w/wc
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Passband Ripple

- The Chebysheuv filter trades off passband ripple
for attenuation

nuation (dB)

equency Ratio w/u.;c
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Chebyshev Filter Pole-Zero
Diagram

- 7-poles and 7 zeros
Location of the poles and zeros determines the filter response

e Fol e Fil: 7-Poles locations in the
7-Zeros located in the Z-domain
Z-domain -
0.6 | _‘ i
0.4 :
©
S 02
e
2
k)
g -02

-1 -0.5 0 0.5 1
Real Part
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Step Response Comparison

- Comparison of Butterworth and Chebyshev
filter step response for 2, 4 and 6 poles

Butterworth Filter Step Response

N -

Chebyshev Filter Step Response

1.2

1.2

666666

444444
666666

1 1 1 1 1 1 1 1 1 1 1 1 1 1
0 ) 10 5 20 25 30 35 40 0 5 10 15 20 25) 30 35 40
Sample Number Sample Number
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Implementing the High Order
Recursive Filters

Recursive filters compute the next output using:
The filter input values x|n], x|n — 1] ...
and the past filter output values y[n — 1], y|n — 2], ...

The difference equation is:

y[n] — aox[n] + alx[n — 1] + azx[n — 2] + a3x[n — 3] + ...
byy[n — 1] + b,y[n — 2] + byy[n — 3] + -

This Is referred to as the direct form of the IIR
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High Order Recursive Filters
Block Diagram

[n)
Co =M = 4 ED)

A 4 A

z1 z!

Output samples are
Input samples are

stored and delayed \ <y / stored and delayed

Multiplied by the numeratof .
Multiplied by the

.. ®
coefficients o . .

® denominator coefficients
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Where Do You Locate
the Poles and Zeros?

The poles and zeros are found by solving the
polynomials for the Butterworth and Chebyshev
equations

Complicated and tedious
Tables with poles and zero locations

There Is an easier way
Filter design software
MATLAB

R I T EEET-425 Digital Signal Processing 29



Using MATLAB to Find
Filter Coefficients

There is a MATLAB Live Script available to find the
recursion equation coefficients

<lIR_Designer.mix>

Located in MyCourses in the Content/MATLAB Tools
sections

R I T EEET-425 Digital Signal Processing
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How to Use the MATLAB Code

Show output in-line
- ™ H X =
lmb %] + | 1%
“|Ed| 2
B

\
Hide the code

For easier viewing you can hide the underlying
code
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How to Use the MATLAB Code

J ar A e

Typically the breathing rate system is using a sampling rate of 10Hz or 600BPM .

samplingFreg | 600 |

Choose the filter type (Butterworth or Chebyshev) and the filter topd

HPF, BPF, BSF]

Sample rété Se’E t-o 600-bpm

filterType [Butter'.'.rorth - |

filterTopology [ Lowpass - |

An additional parametr for the Chebyshey filter is the 3wqount of ripple in the passband. If Chebyshev is the filter type selected then set the amount of ripple in decibels (dB).

rippleDb |U.5 |

Define the filter type and topology

- Th ases the filter com

If Chebyshev define the ripple (dB)

Choose the corer frequency (sometimes called the frequency). This determines the location of the passband of the filter. In the case of the lowpass filter you only need to sp
frequency and the upper corner frequency. The figures below jpe these values. The units for the comer frequency will be the same as the sampling frequency.

Set the filter order

The order of the filter will determine the number of poles in the

filterOrder | 5 |

If the filter is a LPF or HPF, enter the corner frequency below

cornerfreq | 70 |

If the filter is a BPF or BSF, enter both the upper and the lower corner frequecies below

Iower_bpf_bsf_{:urnerFreq| 50 |

upper_bpf_bsf cornerFraq | 20 |
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How to Use the MATLAB Code

J ar A e

Typically the breathing rate system is using a sampling rate of 10Hz or 600BPM .

samplingFreg | 600 |

Choose the filter type (Butterworth or Chebyshev) and the filter topology (LPF, HPF, BPF, BSF). Here are some examples of various filter types and topologies.

filterType [Butter'.'.rorth - ]

filterTopology [ Lowpass - ]

If LPF or HPF set the corner frequency
(same units as sampling frequency)

An additional parametr for the Chebyshev filter is the amount of ripple

rippleDb |U.5 |

The order of the filter will determine the number of poles ig/the filter. The gre lter corr
o | p " If BPF or BSF set the upper and lower
Choose the corner frequency (sometimes called e cutof frequency). Thj Corner frequency (Same u nlts aS 2d to s

frequency and the upper corner frequency. Th#Tigures below describe

= sampling frequency)

If the filter is a LPF or HPF, enter /he corner frequengy bel¢

cornerfreq | 70 |

If the filter is a BPF or BSF, enter both the uppfr and the lower corner frequecies below

Iower_bpf_bsf_{:urnerFreq| 50 |

upper_bpf_bsf cornerFraq | 20 |
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lIR Designer Results

Here is the z-transform of the filter:

e - / Z-transform

8.80246 + 8.8123 z"-1 + ©.9245 -2 + B.8246 z~-3 + 8.0123 z"-4 + @.90248 z™-3

1- 2.841 z*-1 + 3.12 z"-2 - 1.934 z*-3 + ©.841 z*-4 - 8.88789 z™-5

Sample time: @.1 seconds
Discrete-time transfer function.

The complex Zeros of the transfer function (roots of the numerator) are shown bhelow:

zeros_b =
-1.8888 + @.e0861
-1.0888 - 9.00061 .
-9.9997 + 2.00091 C I _I t
-3.9990 + @.000081

The complex Poles of the transfer function (roots of the denominator) are shown below:

pocles_a =
2.6158 + 2.52731
2.6158 - 2.32731 .
9.4821 + 2.25521 <€ C pI p I _I t
e T ompiex poie-iocations
2.4452 + 2.00001

The complex Poles of the transfer function can also be expressed in terms of frequency by computing the magnitude of the complex poles:

pole_wn =
8187

Pole-locations in terms of

5455
5455

frequency

A W A A L 1 T4V /YUl JIYl iUl | 1 ULLooINl 1Yy

a

0 ee®




Pole Zero Plots

Filter Pole-Zero Plot

1+ e
0.8 -
0.6 -

ol ;g

0.2

Imaginary Part

0.2 5 X
04| ;g

-0.8 |

Ak T ........

| S SN

-1 -0.5 0 0.5

Real Part
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Frequency and Impulse
Response Graphs

Frequency Response: order 7 Impulse Response

T T T T 02 T T T T
1 -
\/\/\j\ 015 | ﬂ |
0.8 | 1
01 4
0.6 - .
0.05 - 4
| J
0 ~
0.2 ] -0.05 - 1
0 1 1 Il 1 1 1 . il _01 1 1 1 Il 1 1
0 10 20 30 40 50 60 70 80 90 100 0 50 100 150 200 250 300 350
Breaths per Minute sample
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Frequency and Impulse
Response Graphs

- Frequency response of individual stages

‘5 Frequency Response(s): order 5

05F

— Stage 1
Stage 2
Stage 3

0

0 20 40 60 a0 100
Breaths per Minute
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Coefficients and Header Text

- In order to copy from MATLAB to the Arduino
IDE

Set parameters as before in Live Script
Run IIR_Designer in the command window

FILE

ﬂjﬁfEEE PGk Users P om

ﬁg »> IIR Designer

nt Folder

Curre

\ Run “lIR_Designer”

in the command window
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Coefficients and Header Text

First print the C-code for the Direct form of the lIR Filter

#xx% ([ (pde for Direct IIR Filter -- Copy to Arduino IDE #=%==*

Direct form

//BWRTH low, order 5, 78 BPM

const int MFILT = &;

static float GAIN = ©.8245067;
static float b[] = {8.1060008, ©.5G00E08, 1.2000000, 1.0000008, ©.5000000, 0.1900008};
static float a[] = {1.0008088, -2.5411375, 3.12082049, -1.9542498, 9.64088775, -8.0570864);

Print the C-Code for the cascaded Second Order Sections (S08). This may be copied and placed in
window.

#x2% ([ (Code for 505 Filter -- Copy to Arduino IDE *=®#=

J/fFilter specific variable declaraticns
const int numStages = 3;

static float G[numStages];

static float b[numStages][3];

static float a[numStages][3];

//BWRTH low, order 5, 7@ BPM

G[8] = B.1349871;

b[@1[8] = 1.20@0863; b[@][1] = @.9998472; b[@][2]= ©.0000000; CascadEd Stages
a[@1[8] = 1.28008088; a[@][1] = -8.4452287; a[@1[2] = ©.0000609;

G[1] = 8.1349871;

b[11[8] = 1.28@0868; b[1][1] = 2.8815487; b[11[2]= 1.8815415;

a[11[8] = 1.20@0808; a[1][1] = -8.9642853; a[l1]1[2] = @.2875739;

G[2] = B.1349871;

b[21[8] = 1.2000868; b[2][1] = 1.9994122; b[2][2]= ©.0084131;

a[21[8] = 1.@0@0@83; a[2][1] = -1.2316235; a[2]1[2] = @.6573129;
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Coefficients and Header Text

Print the coefficients so that they can easily be copied into MATLAB|

Direct IIR Filter Coefficients for easy copy to MATLAE

b = [0.8024597, ©.9122984, @.@245067, @.8245967, 8.9122984, @.0024597];
a = [1.0000008, -2.6411375, 3.1202849, -1.0542499, ©.6489775, -0.9870864];

Coefficients for copying into MATLAB
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Butterworth Filter ICP

Using the MATLAB code for Butterworth and
Chebyshev filters, design a filter with the
following parameters

Butterworth filter

High pass

7/ poles

Corner Frequency — 12 BPM

R I T EEET-425 Digital Signal Processing
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Butterworth Filter ICP NO PRINT

- Frequency and impulse response

Frequency Response: order 9 Impulse Response

, ‘ 0.8
1 -
( 0.6
08 [ 7 04 |
0.6 1 02y
0 ~——
04 r b
-0.2
0.2r b
-0.4
0 1 1 1 1 1 1 Il 1 Il 0 6
0 10 20 30 40 50 60 70 80 90 100 -

0 50 100 150 200 250 300 350 400 450 500
sample
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Butterworth Filter ICP NO PRINT

- (C-Code variable declarations

**** C Code for Direct lIR Filter -- Copy to Arduino IDE ****

/I BWRTH HIGH, order 9, 12 BPM

const int MFILT = 10;

static float GAIN = 87.7188;

static float b[] = {0.0079365, -0.0714286, 0.2857143, -0.6666667, 1.0000000, -1.0000000, 0.6666667, -0.2857143, 0.0714286, -0.0079365};

static float a[] = {1.0000000, -8.2763713, 30.4708077, -65.4968459, 90.5808889, -83.5828216, 51.4579469, -20.3816702, 4.7127337, -0.4846682};
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C-Code Variable Declaration

- The MATLAB script will print out variable
declarations for the filter design

¥%%% C Code for Direct IIR Filter —- Copy to Arduino IDE **%%

// CHEBY LOW, order 7, R = 0.5, 50 BEM

const int MFILT = 8;

static float GAIN = 0.000101653;

static float b[] {0.0285714, 0.2000000, O.e0O0QOQOQOQO, 1.0000000, 1.0000000, 0O.e0000QO0O0, 0.2000000, 0.02B85714};
static float all {1.0000000, -5.9489241, 15.5949386, -23.3080572, 21.4230142, -12.09%2813, 3.8862757, -0.5475942};

T~

Denominator coefficients (a’s)

Numerator coefficients (b’s)

NOTE: The MATLAB output calls the numerator coefficient b

and denominator coefficient a. Opposite of the text
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Paste in the filter parameters
from MATLAB

- The variable declarations for the filter recursion
coefficients can be copied into the C-code

f".f*******************************************************************************
float IIR DIRECT(float =v)

// Data to define the filter coefficients for the direct form IIR filter

\
// CHEBY LOW, order 5, R = 0.5, 50 BPM
const int MFILT = 6;

ctatic float GAIN — 0.0016669; Paste in the declarations from
static float b[] {0.1000000, 0O.5000000, l.DDDDUU&, 1. . .
{1.0000000, —-4.0763511, ©6.95406B0, —¢ MATLAB for the fllter deSIgnS

static float al]

e

rfy--
// Two arrays to contain the input and output sequences in time
static float xM[MFILT] = {0.0}, yM[MFILT] = {0.0};
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Making Bandpass
and Bandstop Filters

Use the same IIR_Designer.mlx Live Script

R I T EEET-425 Digital Signal Processing
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Making Bandpass
and Bandstop Filters

Typically the breathing rate system is using a sampling rate of Cha nge the fl Iter tOpO|Ogy tO B P F
Or BSF

samplingFreg |B[I'U |

Choose the filter type (Butterworth or Chebyshev)

filterType [Bu tterworth - ]

filterTopology [Bandpass - ]

An additional parametr for the Chebyshev filter is the amount o

rippleDb |U.5 |

If BPF or BSF set the upper and lower
Corner frequency (same units as
sampling frequency)
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Making Bandpass
and Bandstop Filters

If BPF or BSF set the upper and lower
Corner frequency (same units as
sampling frequency)

If the filter is a BPF or BSF, enter b the upper and the lower corner frequecies below

Icrwer_bpf_bsf_{:nrnerFreq| 50 |

upper_bpf_bsf _cornerFraq | 80 | Frequency Response: order 5

08

06|

04t

02}

0

20 40 60 80 100

U Breaths per Minute
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Why Use Chebyshev Filters?

Can provide sharper attenuation than
Butterworth filters

Not as sharp as windowed-sinc filter, but they
are more than adequate for many applications.

Chebysheuv filters are fast

Typically more than an order of magnitude
faster than the windowed-sinc.

Because they are implemented using recursion
rather than convolution.
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Round off Error Limitations of
Recursive Filters

Round off error of single precision floating point limits
the number of poles that can be used in higher order
recursive filters

The range of the smallest recursion coefficients and
the largest coefficients changes with corner frequency

Exceeding these limits of the data type results in
excessive passband ripple, poor stopband attenuation
and worst of all instability!

Cutoff frequency 0.02 005 0.10 025 040 045 048

Maximum poles 4 6 10 20 10 6 4
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Summary

Review of single pole recursive filters

Introduction to Butterworth and Chebyshev
Filters

Designing Butterworth and Chebyshev filters
using MATLAB

Limitations of higher order recursive filters.
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