
1EEET-425 Digital Signal Processing

Digital Signal Processing

Higher Order Recursive Filters

Using Second Order Stages
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Today’s Topics

• Review higher order IIR Direct Filters

• Demonstrate stability issues with the higher 

order filter

• Introduce 2nd order stages (SOS) approach

• Discuss Implementation and demonstrate 

results
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Higher Order

Recursive (IIR) Filters

• Adding poles and zeros to the transfer function 

can improve the frequency response of the filter

𝐻 𝑧 =
σ𝑘=0
𝑀−1 𝑎𝑘𝑧

−1

1 − σ𝑘=0
𝑁−1 𝑏1𝑧

−1

Zeros are the roots 
of the numerator

Poles are the roots 
of the 

denominator 
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Implementing the High Order

Recursive Filters

• Recursive filters compute the next output using:

• The filter input values 𝑥 𝑛 , 𝑥 𝑛 − 1 …

• and the past filter output values 𝑦 𝑛 − 1 , 𝑦 𝑛 − 2 ,…

• The difference equation is:

𝑦 𝑛 = 𝑎0𝑥 𝑛 + 𝑎1𝑥 𝑛 − 1 + 𝑎2𝑥 𝑛 − 2 + 𝑎3𝑥 𝑛 − 3 +⋯

𝑏1𝑦 𝑛 − 1 + 𝑏2𝑦 𝑛 − 2 + 𝑏3𝑦 𝑛 − 3 +⋯

• This is referred to as the direct form of the IIR
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High Order Recursive Filters

Block Diagram

Input samples are
stored and delayed

Multiplied by the numerator
coefficients

Output samples are
stored and delayed

Multiplied by the
denominator coefficients
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LPF Filter Demonstration

• Implement an 11th order direct IIR filter using 

coefficients from MATLAB

• 11th order

• Ripple = 0.5 dB

• Corner Frequency = 50 BPM
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High Order Filter Impulse 

Response – IIR Direct

• 11th Order Chebyshev LPF
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Filter becomes unstable and impulse
response grows without bounds
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How Can we Make the Filter 

Stable?

• Factor the higher order transfer function into quadratic 

polynomials

𝐻 𝑧 =
σ𝑘=0
𝑀−1 𝑎𝑘𝑧

−1

1 − σ𝑘=1
𝑁−1 𝑏1𝑧

−1

𝐻 𝑧 = 𝑔1
1 + 𝑎11𝑧

−1 + 𝑎12𝑧
−2

1 + 𝑏11𝑧
−1 + 𝑏12𝑧

−2
× 𝑔2

1 + 𝑎21𝑧
−1 + 𝑎22𝑧

−2

1 + 𝑏21𝑧
−1 + 𝑏22𝑧

−2
×

𝑔3
1 + 𝑎31𝑧

−1 + 𝑎32𝑧
−2

1 + 𝑏31𝑧
−1 + 𝑏32𝑧

−2
×⋯

Second Order Section #1 Second Order Section #2

Second Order Section #3

Continues until all sets of 2 poles
and zeros are accounted for.

Could have an additional First Order
Section
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How Many Sections?

• Each set of 2 poles and zeros are a second 

order stage

• If the filter is an odd order then there is an 

additional 1st order section 

• Example 5th order filter will have two second 

order stages and one first order stage 
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Cascade the second order stages

• Cascade multiple stages together.  Each stage 

is stable by itself creating a stable system

• Example 7th order system

1st Order Stage 2nd Order Stage 2nd Order Stage 2nd Order Stage

𝑔1
1 + 𝑎11𝑧

−1 + 𝑎12𝑧
−2

1 + 𝑏11𝑧
−1 + 𝑏12𝑧

−2
𝑔1
1 + 𝑎11𝑧

−1 + 𝑎12𝑧
−2

1 + 𝑏11𝑧
−1 + 𝑏12𝑧

−2𝑔1
1 + 𝑎11𝑧

−1

1 + 𝑏11𝑧
−1

𝑔1
1 + 𝑎11𝑧

−1 + 𝑎12𝑧
−2

1 + 𝑏11𝑧
−1 + 𝑏12𝑧

−2
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How do we find the coefficients 

for each stage? 

• We will use MATLAB to take the transfer 

function and convert it into second order stages 

The MATLAB command tf2sos(b,a) takes the denominator 
and numerator coefficients and breaks them up into second 
order stages
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Frequency Response of Each 

Section

• Each Individual Section has its own frequency response

• Cascading in the time domain is convolution

• Frequency domain  multiplication

All sections scaled and combined
for final frequency response

Second order frequency responses
First order frequency response
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The Stage Coefficients

• MATLAB script prints the coefficients for each stage
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What does the 2nd order section 

look like?

• Each 2nd order stage is implemented as shown 

as a direct IIR 2nd order stage
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Add a 1st Order Stage for Odd 

Order Filters

• A first order section is similar to the second 

order with one section removed
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Cascading the Stages

• Each 2nd Order section is cascaded together

• A first order stage is included if the filter has an 

odd order
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Variable Declarations

Coefficient and Input Storage

Define the number of stages (sections)
Declare storage for the coefficients

Declare storage for saved input and output 
values 𝑥 𝑛 , 𝑥 𝑛 − 1 ,… , 𝑦 𝑛 − 1 , 𝑦 𝑛 − 2 ,… .

numStages changes with filter length
Copy from MATLAB code
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Defining the Recursion 

Coefficients

• Copy these values in from MATLAB

Stage 0 coefficients (1st order)

Stage 1 coefficients (2nd order)

Stage 2 coefficients (2nd order)

Stage 3 coefficients (2nd order)

Stage 4 coefficients (2nd order)

Stage 5 coefficients (2nd order)

These two value are zero
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Implementing the Filter

• The recursion equation does all the work

Shift the input and output values in the array
𝑥[𝑛 − 1] = 𝑥 𝑛 , 𝑥 𝑛 − 2 = 𝑥 𝑛 − 1
𝑦 𝑛 − 1 = 𝑦 𝑛 , 𝑦 𝑛 − 2 = 𝑦 𝑛 − 1

𝑦 𝑛 = −𝑎12𝑦 𝑚 − 2 − 𝑎11𝑦 𝑚 − 1 + 𝑏12𝑦 𝑚 − 2 + 𝑏11𝑦[𝑚 − 1]

Signs are different for a coefficients.  It’s just how MATLAB defines the signs
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11th Order SOS Filter 

Demonstration

• Use MATLAB to create the coefficients of 

the11th order LPF.  Fcorner = 50 bpm 

• Demonstrate on the Arduino Platform
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Impulse Response Comparison

• IIR Direct and IIR SOS Comparison
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IIR SOS Frequency Response

• Frequency Response is well behaved
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IIR SOS Filter ICP

• Design a 9th order Chebyshev filter using cascaded 

second order stages using MATLAB design script

• 9th order

• R = 0.5 dB

• Fcorner = 12 BPM

• How many total sections will there be?

• How many 2nd order sections will there be?

• How many 1st order sections?
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IIR SOS Filter ICP

• For an 9th order filter, there will be 5 sections

Number of stages
Stage Gains

Numerator Coefficients

Denominator Coefficients

NO PRINT
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IIR SOS Filter ICP

• 5 sections

• 4 - 2nd order sections (8-poles)

• 1 - 1st order section (1-pole)
Stage Gains

Numerator Coefficients

Denominator Coefficients

Stages

NO PRINT
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Frequency and Impulse Response

NO PRINT
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Individual Stage Response

• Stage response cascaded together

NO PRINT
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9th Order Chebyshev LPF

Arduino Implementation

• SOS Implementation has a stable impulse 

response

NO PRINT
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Summary

• Reviewed higher order IIR Direct Filters

• Demonstrated stability issues with the higher 

order filter

• Introduced 2nd order stages (SOS) approach

• Discussed Implementation and demonstrated 

results


