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Today’s Topics

Introduction to Recursive Filters
Difference Equation Format
Single Pole Implementation

Recursion Coefficient Equations
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Filter Classification

Time Domain
(smoothing, DC removal)

Frequency Domain
(separating frequencies)

Custom
(Deconvelution)

FILTER USED FOR:

FILTER IMPLEMENTED BY:

Convolution
Finite Impulse Response (FIR)

Recursion

Infinite Impulse Response (IIR)

Moving average (Ch. 13)

Single pole (Ch. 19)

Windowed-sinc (Ch. 16)

Chebyshev (Ch. 20)

FIE custom (Ch. 17)

Iterative design (Ch. 26)
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FIR Filters

So far we have worked with FIR filters
Finite Impulse Response filters

The length of the impulse response is finite —
Fixed number of samples in the impulse
response sequence

We have implemented these using convolution
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FIR Filters

The transfer function of the FIR filter Is

M—-1
H(z) = z a,z !
k=0

The filter transfer function has all zeros
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FIR Filters

The difference equation for FIR filters
m-—1
ylnl = ) hpxfn =k
k=0

yln] = hox[n] + hyx[n — 1] + hox|[n — 3] + -+ hp_1x[n —m + 1]

The output of the filter is computed only using
the samples of the filter input signal

x|n], x|n — 1] ...
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The Convolution “Machine”

- Recall that we described the process of
convolution using a convolution machine

To compute one value of
the output M values of
the input are multiplied
by M values of the
impulse response then
summed

Each output requires M
multiply and accumulates

iiiiiiiiiii i
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FIR Flow Diagram

j x[n]

Input Samples enter the z

filter and m values are ]

saved. _’V’Q

Each value is value is 71

multiplied by a value of |

hQ + > G
ul y[n]

the impulse response l%,@
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Recursive Filters

Recursive filters compute the next output using:
The filter input values x|n], x|n — 1] ...
and the past filter output values y[n — 1], y|n — 2], ...

The difference equation is:

3’[7’1] — aox[n] + ax|n — 1] + a,x[n — 2] + a3x[n — 3] + -
byy[n — 1] + byy[n — 2] + bgy[n — 3] + -~

R I T EEET-425 Digital Signal Processing 9



Recursive Filters

- The transfer function of the recursive filter is

Zeros are the roots
of the numerator

Poles are the roots
of the
denominator

- The recursive filter has both poles and zeros In
Its transfer function
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Block Diagram of the Recursive
Filter

- Here is a block diagram of one implementation
of a simple single pole recursive filter

Il = agxln] + byyln — 1] s H() = =307

/y[n] = aox|n] + byy[n — 1]

xIn] aO/ & yin]
apx[n] / q G I IR
byy[n — 1]
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Recursive Filters

- The recursive filter is a feedback system

- The impulse response of the recursive filter is
theoretically infinite

- Also known as Infinite Impulse Response or IIR
fl Ite rS s | | Impulse Response | | |

Impulse response of a 7-pole
filter

| | I
200 250 300 350
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Computational Requirements

The FIR filter requires N multiply and
accumulates for each output sample

The IIR filter can achieve good attenuation
characteristics with greatly reduced number of
calculations

The filter can run faster
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What are the values x|n| and y[n]|?

x[n] is the newest input value to the filter
x[n — 1] is the one sample “older”

x[n — 2] is two samples “older”

2 T
|

a. The input signal, x| |

—
|

| | x[n-3]
1 o | x[n-2]
__________ :_ [ x[n-1]
| i x[n]
| |
2 [ |
0 1 20 30

0
Sample number




What are the values x[n]| and y[n]|?

n — 1] is the last value of the output (1 sample time ago)
‘n — 2] is the filter output two sample times ago

‘n — 3] is the filter output three sample times ago

< <

<

b. The output signal, y[ ]

Amplitude
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Implementing a 15t Order
IIR Filter in C

- Here is some C-code for implementing a 1-Pole
I BB

float IIR DIRECT LPF(float xv}‘&-. . . )
xv is the newest input to the filter x[n]

// Data to define the filter coesfficients for the first order direct form IIR filter

// First order filter

comst int MFILT = 2; Define the filter length and the

static float a0 = 0.0608963; t . ff- . t d b
ctatic float bl = 0.5351014; WO recursion coerricients ag an 1
/Y - - - - -

// Two arrays to contain the input and output sequences in time

static float yM[MFILT] = {0.0};

// Save the old value of the output in y[m—1]

i = Ml *=— Save the last output value y[m] into variable y[m — 1]

// Execute the IIR filter by multiplying the "old" walue of y[n-1] by bl and
// The new input wvalue of x by al and adding

// Implements the simple first order difference egquation

// wln] = al*x[m] + bl*y[m-1]

yM[0] = ( a0 * =v ) + bl * yM[1l];

“Recursion equation y[n] = agx[n] + b y[n — 1]

// Return the filter output
RI | xevemm puiol; «—————Return filter output y[n] 16
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Implementing a 15t Order
IIR Filter in C

- Here is some C-code for implementing a 1-Pole

xv is the newest input to the filter x[n]
/ Passed as an argument to the function
.I..".I.."-J.--J.--J.--A--A--k-k-k*-k-k-k-k-k-k*-k-kﬂ--k-k-k**-k-k T e eh e e e e e e o e ee ee e e e e e am o me ae ae an an e e e s
float IIR DIRECT LPF(float xv)
{

!/ Data to define the filter coefficients for the first

// First order filter
const int MFILT = 2; Define the filter length and the

ctatic float a0 = 0.0608563; — two recursion coefficients ay and b;.

static float bl = 0.9391014;

—

These value change as the filter
characteristics change
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Implementing a 15t Order
IIR Filter in C

- Here is some C-code for implementing a 1-Pole
LPF

// Two arrays to contain the input and output sequences in time

=tatic float yM[MFILT] = {0.0};
\ Storage for the current and last value of the output

// Bawve the old walue of the output in y[m-1]
yM[1] = yM[O];

\ Save the last output value y[m] into variable y[m — 1]
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Implementing a 15t Order
IIR Filter in C

Here is some C-code for implementing a 1-Pole
LPF

Execute the IIR filter by multiplying the "old" wvalue of y[n-1] by k

The new input wvalue of x by al and adding
Implements the simple first order difference equation

v[n] = al*x[m] + bl*y[m-1]

yM[O] = ( a0 * xv ) + b1 * yM[1];

\ Recursion equation y[n] = agx[n] + byy[n — 1]

/f Return the filter output

return yM[0];

“T———— Return filter output y[n]
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The Single Pole RC Filter

"'he single pole recursive filter is analogous to
the continuous time 1-pole RC filter

"he filter has a time constant of Tt = RC
It has a corner frequency of f. = 1/(2nRC)

R1
A ® pr1
1KQ 7= RC = (1K)(1uF) = 1mSec
V1 C1
o — 1uF 1 1
= = =159 H
Je 2t 2m(1mSec) ’
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Single Pole RC Filter Step
Response

- The step response of the RC filter for a 1V input

Step Response
First Order RC Filter Step Response

1.10 ]
1.00

0.80 1 Covor | _

0.70 ] : AT N t
— V(PR1) —_—
S — . —

m x1 916.7672n
o gl 599.4476m
% 050 %2 1.8335m -
’> v2 840.3927m
dx 916.7672n
0401 dy 240.9451m |

0.30 1 \ -i%gx | 2?033& !
0201 0.632 volts at 1 time constant

0.10 4

0.00
Om 2m 4m 6m 8m 10m
Time (s)
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Decay Response of the RC Filter

In (e _%)

Step Response
First Order RC Filter Decay Response
1.10 |
1.00 ; )
- 0.368 volts at 1 time constant
0.80 1 ve)
vV (PR1)
0.70 %l 1.0000m |
= vl 367.8929m
~ (.60 - -x2 2.0000m -
% v2 135.3292m
O b4 - m
y 5 090 'gy —23%.222% |
= dy/dx —-232.5637
0.40 4 1/dlx l.DDD!Dk -
0.30 ; \
0.20 ;
Vout =V
0.00 | . . . . .
Om 2m 4m 6m 8m 10m
Time (s)
V(2)
P AveRT)
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Single Pole RC Filter Frequency
Response

- Frequency Response of the RC Filter

First Order RC Filter Frequency Response ‘
1.2]
. 0.707 volts at |,
0.81 | v(2)
V (PR1)
x1 159.0000
3 0.6 vl 707.4455m -
2 12 1.9084 |
c v2 999.9281m |
2 dx -157.0916 |
)<= 0.4 -dy 292.4826m -
dy/d=x -1.861%m |
lydx  ___6.365Tm |
0.21
0.0
-0.2 . : . . .
1 10 100 1k 10k 100k
Frequency (Hz)
vi2)
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The Single Pole RC Filter

- The amount of decay versus time for an RC

filter is:

Vour = Vine ~t/T

Vout —t/T

e T =RC

So, in one time constant the output would be

e~ ! = 0.368 of the input
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The Single Pole Recursive Filter

Analogous to the time constant T of an RC filter
the value d is the time constant for a discrete
single pole filter

d is in samples

The amount of decay in one time constant is
the same for the recursive filter

x[n] = x[0]e~"/4 % — x = Wd
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The Single Pole Recursive Filter

- The amount of decay from sample to sample is

— -n/d ﬂ — —
x[n] = x[0]e (0] xX=e
- We can relate this to the corner frequency of

the filter

~1/d

x = e—2nf; Forthe recursive filter

fo=— For the analog RC filter
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Calculating the Filter Coefficients

From the value of x we can easily find the
single pole filter coefficients, a, and b,

yln] = apx[n] + byy[n — 1]

x =e " 1/d or x = e~ 2mc
Then:
by = x
ap=1—x
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First Order Recursive LPF
Filter Example

-  Create a first order recursive filter with a time

constant, d of 20 samples

x =e Vd = e_(%) = 0.9512

1 1
This is an equivalent to: fe = T 2m0 0.00795

Find the value of x:

Where f. is relative to the sampling rate

Then b; = x =0.9512
ap =1-—x =0.0488
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Recursive LPF Filter Example

- For a time constant of 20 samples

yln] = apx[n] + byy|n — 1] = 0.0488 x|[n] + 0.9512 y[n — 1]

Step Response Simulation

I x[n] & t y[n] >
Step Response
-1
yIn] @ i1l | | g
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First Order Recursive
Filter Example

- First order LPF Step and Decay responses for

a filter with a time constant of 20 samples

First Order LPF -- Step Response First Order LPF -- Decay Response
1 1G
0.8 - o 0.8
X 20 - -
= Y 063212 | o0 =
So6t <06
2 g
2 2 - X 20
“oal “ooal “Og_ | Y0.36788
02} Output at 0.63212 Output at 0.368 after /
after 20 samples 20 samples
00 5 1I0 1‘5 2I0 2I5 3I0 U0 5 10 15 2I0 2‘5
Sample Number Sample Number
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First Order Recursive
Filter Impulse Response

- Placing an impulse on the input results in the
Impulse response

First Order LPF -- Impulse Response

0.054

0.04 - §

0.03

Filter Output

0.02 [

0.01

"'--:Z:::::,

O 1 1 | | |
10 20 30 40 50 60 70
Sample Number

0
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First order Recursive LPF
Frequency Response

Frequency Response Slngle PoIe Recurswe F|Iter d=20

— t__ 1 = 0.008
D fC(%_ano_ '

The filter has an amplitude
response that is .707 (-3 dB) at the

Magnitude
o
(&)}

04r
o corner frequency.
0.2
01F
0
104 1073 1072 107 10°

Frequency Relative to Fs
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How to Find the Frequency
Response Using MATLAB

MATLAB uses the numerator and denominator from the Z-
transform

Write the difference equation as a Z-Transform
y[n] = ap x[n] + byy[n — 1]
Y(z) = agX(2) + b;Y(2)z™1
Y(2)(1 — byz™Y) = qpX(2)

Y(z) B ag
X(z) H(z) = 1— bz~ 1
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How to Implement in MATLAB

Write the numerator and denominator of the Z-
transform as vectors in decreasing order

Use the freqz command to find frequency response
MATLAB

Numerator = |a]

Y(2) = H(z) = Ao =)

X(z) 1—byz™1 Denominator = [1, —b,]

|h,w] = freqz(Numerator, Denominator, numPoints)

h is the complex frequency response
W is a vector of frequencies relative to 2w

R I T EEET-425 Digital Signal Processing
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MATLAB Example

First order Recursive Demo|

timeConstant = 28;
x = exp(-1/timeConstant);

A) Computing the values of b; and a, from the time constant
bl x;

ad = 1-x;

Computing the frequency response

% Find the frequency PV Using Numerator and Denominator vectors

[h,w] = freqz(ad, [1,-bl], 2848);

figure

semilogx(w/(2*pi), abs(h), LineWidth',2)

grid on

title( ' Frequency Response -- Single Pole Recursive Filter - d = 287)

xlabel('Frequency Relative to Fs")
ylabel({ "Magnitude')
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MATLAB Example

Freguency response of Single Pole Recursive Filter

y|n] = 0.0488 x[n] + 0.9512 y[n — 1]

Frequency Response -- Single Pole Recursive Filter - d =20

Magnitude
© o o o o o o o
N w B (&)} (o)) ~ oo ©
T

o
N

104 1073 1072 107 10°
Frequency Relative to Fs

-
=
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Recursive LPF ICP

- Design a single pole low pass recursive filter
with a corner frequency of 30 BPM in a system
using a sample rate of 600 BPM

First find the corner frequency relative to the sample rate
Find the value of x for the filter:

Compute the coefficients

Use MATLAB to plot the frequency response

W e
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Recursive LPF ICP NOPRINT

- Design a single pole low pass recursive filter
with a corner frequency of 30 BPM in a system
using a sample rate of 600 BPM

First find the corner frequency relative to the sample rate

 fenz 30BPM

= = = 0.05
Je f. 600 BPM

Find the value of x for the filter:

x = e"?Me = ¢72mx0.05 = (,7304
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Compute the Recursion
Coefficients NOPRINT

- The first order recursion coefficients are:

x = e 2"Jc = (0.7304
Then:
b, = x = 0.7304

ap = (1—x) = (1 —0.7304) = 0.2696
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NOPRINT
Plot the Frequency Response

- Use MATLAB to compute the frequency
response

Frequency Response -- Single Pole Recursive Filter - d =20

[h,w] = freqz( ©.26%96, [1,-.7384], 2848);
semilogx(w/{(2*pi), abs(h), 'LinewWidth',2);
grid on 0.9
title('Frequency Response'); 0.8 X 29.74
xlabel( ' Frequency (Relative to Fz)'); Y 0.7131
ylabel{ 'Magnitude"}| 0.7r 9
o
T 06
=
8305
S o
04r
03r
02r
0-1 L n Loaaaaal L L ioaaaaal n n I S S A L
107 10° 10’ 102 10°

Frequency Relative to Fs
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Recursive First Order
High Pass Filter

In a similar way a 15t order high pass filter can
be designed

The high pass filters has an additional
coefficient a,

yln] = ag x[n] + a; x[n — 1] + byy|n — 1]

The coefficients are also calculated differently
x=e % ay=(1+x)/2 a, =—(1+x)/2

b1=x
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Recursive First Order High Pass
Filter Example

- Design a 15t order high pass filter with a corner
frequency of 40 bpm relative to a sample rate
of 600 bpm

Find the corner frequency f. = fros _ ﬂ — 0.0667
relative to the sample rate ¢ fs 600 '

Find the value of x: = 5 = o~ (Q27fc) — ,—(2m0.0667) — ) 5578

N

b, = x = 0.6578

+ X

1+ x
a; = 5 = —(0.8289

\
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Recursive First Order High Pass
Filter Example

- The corner frequency of the filter is at 40 bpm

] First Order HPF -- Frequency Response

- /

X 38.8935
Y 0.70724

Frequency Response
© o o o o o o
N w ESN (6)] ()] ~ (0]
T T

e
—

o

0 50 100 150 200 250 300
Frequency (BPM)
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Recursive First Order High Pass
Filter Example

The HPF has an additional input coefficient
The feedback path is the same.

| = [ T

> De—<Tr e 2 e
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Recursive HPF ICP

- Design a single pole high pass recursive filter
with a corner frequency of 5 kHz in a system
using a sample rate of 20 kHz

First find the corner frequency relative to the sample rate
Find the value of x for the filter:

Compute the coefficients

Use MATLAB to plot the frequency response

W e
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NOPRINT

Recursive HPF ICP

- Design a single pole high pass recursive filter
with a corner frequency of 5 kHz in a system
using a sample rate of 20 kHz

First find the corner frequency relative to the sample rate
Find the value of x for the filter:

B fC_hZ 5 kHZ

= = 0.25
fs 20 kHz

fe

x = e ?Mle = ¢72™%025 = (0.2079
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Compute the Recursion NOPRINT
Coefficients

- The first order recursion coefficients are:

x = e 2"Jec = 0.2079
Then:

b, = x = 0.2079

1+ x
ag = —— = 0.6039

X
a; = ——— = —0.6039
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1st Order HPF NOPRINT
Frequency and Impulse Response

- Plot the frequency and impulse response

Frequency Response -- Single Pole Recursive HPF - Fc = 5kHz 1st Order HPF Impulse Response

0.8
09 r
0.6
0.8
0.7 0.4 1
° 0.6 §_ 0.2+
= 5
E) 0.5 9
© [0
= 0r
= 04r [
0.3 -0.2
0.2
0.4
0.1
0 1 Il 1 1 1 1 1 1 1 _06 1 1 1
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000 0 2 4 6 8 10 12 14 16 18
Frequency (Hz) Sample Number
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Infinite Impulse Response

Here are the values of the impulse response
out to 20 samples  sresponse -

0.603535788175381
-0.478353040868114
-0.09%4458142664816
-0.020673237766032
-0.004257543508¢601
-0.0008593371607065
-0.000185713711201
-0.000038606087607
-0.000008025417136
-0.000001668320314
-0.0000003465805720
-0.0000000720594658
-0.000000014587007
-0.000000003115493
-0.000000000647647
-0.000000000134633
-0.000000000027587
-0.000000000005818

-0.000000000001209
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C-Code for 1st Order IIR HPF

float IIR DIRECT HPF(float xv),‘ii. . ) )
{ xv is the newest input to the filter x[n]

// Data to define the filter coefficients for the direct form IIR filter

// First order filter

const int MFLIT = 2 _ Define the filter length and the

static float a0 . ..
static float al two recursion coefficients ay and b

static float bl

/== - - - -
// Two arrays to contain the input and output sequences in time
static float yMIMFILT] = {0.0};

= {0.
static float xM[MFILT] = {0.0};

// Save the old wvalue of the output in y[m-1] and the old wvalue of x[m-1]

:ID:E} - ;ﬁ” ¥ Save the last output value y[m] into variable y[m — 1] and the last input
¥M[0] = xv;

value to x[m — 1]

// Execute the IIR filter by multiplying the "old" value of y[n-1] by bl and

// The new input value of x by al and adding

// Implements the simple first order difference egquation

// vyIn]l = a0*xz[m] + al*x[m-1] + bl*y[m-1] . .

Y Recursion equation:
?__

YMIO] = ( a0 * xM[0] )} + ( al * xM[1] ) + bl * yM[1]; y[n] - aox[n] + a1X[7’l - 1] + bly[n - 1]

// Return the filter output
return yM[0]; <—Return filter output y[ ]
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Characteristics of the 1-pole
Recursive Filter

The first order recursive filters have a smooth
step response

Good for time domain filtering.

Does not have a sharp roll off to separate
closely spaced frequencies

R I T EEET-425 Digital Signal Processing
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Comparing LPF Corner

Frequencies

1st Order LPF Frequency Response

Filter Output
© o o o
w B> (&)} (o))

o
N

e
—

o

50 100 150 200 250 300
Sample Number
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As | change the
corner frequency
the response gets
lower in frequency
but the relative
attenuation stays
the same
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Comparing HPF Corner

Frequencies

1st Order HPF Frequency Response

———

10 BPM

Filter Output
o
(6]

40 BPM

20 BPM [

80 BPM |+

0 50 100 150 200 250
Sample Number
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300

As the corner
frequency gets lower
the response gets
lower in frequency
but the relative
attenuation stays the
same

53




Cascading Multiple Stages

- Single pole filters can be cascaded, but their

-off doesn’t improve dramatically

R 1st order

Input 1st order | 1st order 1st order
filter filter filter
1st Order LPF Frequency Response -- Cascaded Stages
Fc =120 bpm
12 T T T
— 1| stage
— ) stages
1 3 stages
4 stages
X120.1172
08 Y 0.75168 .
-— (J
=
>
O 06 .
8
i__:
04 r .
X 120.1172
0.2 [ Y 0.31926 7

a

o

50 100 150 200 250 300
Sample Number

o

— QOutput

filter

15t Order Response of
1-4 cascaded stages
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Other Filter Types

Bandpass and bandstop (notch) filters can also
be made with recursive filters (see text)

Higher order filters can be designed with
plentiful design tools

MATLAB will be used in Lab 08 to create
Butterworth and Chebyshev higher order filters
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Recursive Filter Implementation

Recursive eguations are more easily
Implemented using single precision floating
point numbers than fixed point integers.

If integer representation is used for lIR filters,
there is risk of instability due to round off error.
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Recursive LPF Design Example

- Design a single pole low pass recursive filter
with a corner frequency of 1 kHz in a system
using a sample rate of 8 kHz

Find the value of x for the filter:
First find the corner frequency relative to the sample rate

1kH
_Jenz _kHzZ 0o
fs 8kHz

fe

X = e—ZT[fC — e—ZﬂXO.lZS — 0.4559
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Compute the Recursion
Coefficients

- The first order recursion coefficients are:

x = e 2"Jc = (0.4559
Then:
b, = x = 0.4559

ag = (1 —x) = (1 — 0.4559) = .5441
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Filter Output

1st Order LPF
Frequency and Impulse Response

- Plot the frequency and impulse response

1st Order LPF Frequency Response 1st Order LPF Impulse Response

1 0.6
0.9
08 X 1000
Y 0.72504
5
0.7 e
=)
(@)
0.6 g
L
0.5
04 R
0.3 ' L L ! L . L 1 L L L L L L I
0 500 1000 1500 2000 2500 3000 3500 4000 0 2 4 6 8 10 12 14 16 18
Sample Number Sample Number
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Summary

Introduction to Recursive Filters
Difference Equation Format
Single Pole Implementation

Recursion Coefficient Equations
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